Abstract. We review the theory of bi-Hamiltonian reduction and give a bi-Hamiltonian reduction on a loop algebra equivalent to a Generalized Drinfeld-Sokolov reduction. Application to classical W -algebras and algebraic Frobenius manifolds is given.
Introduction
A bi-Hamiltonian manifold M is a manifold with a pair of Poisson brackets satisfying some compatibility conditions. In [CMP] a bi-Hamiltonian reduction is given for every bi-Hamiltonian manifold, using Marsden-Ratiu theorem, by taking a level surface S of all the Casimirs of the first Poisson brackets and a distribution D defined by the second Poisson bracket. We observe that, a bi-Hamiltonian reduction could be performed by taking a level surface of a subset of the Casimirs.
As application we give a bi-Hamiltonian reduction for all good gradations of a Lie algebra g associated to a nilpotent element e. We show that this reduction is equivalent to a Drinfeld-Sokolov reduction. The equivalence was obtained by Pedroni [PED] in the case of principal nilpotent element. We show how this bi-Hamiltonian reduction on g is more effective in practice by calculating W 2 3 algebra, finding the primary fields of classical W -algebras and giving examples of algebraic Frobenius manifolds. This examples of Frobenius manifold support a conjecture by Dubrovin which says that massive algebraic Frobenius manifolds correspond to primitive conjugacy classes in Coxeter groups [DMD] .
bi-Hamiltonian Reduction and Transversal Manifolds
A bi-Hamiltonian manifold M is a manifold endowed with two Poisson tensors P 1 and P 2 such that P λ = P 2 + λP 1 is a Poisson tensor for any constant λ. The Jacobi identity for P λ gives the relation for any functions F, G and H on M . Assume that P 1 has constant corank m and admits independent Casimirs (2.2) Υ = {K 1 , K 2 , ..., K m }.
Then Υ has a Lie algebra structure with respect to P 2 due to (2.1). Suppose the set (2.3) Ξ = {K 1 , K 2 , ..., K n } where n ≤ m defines a subalgebra of Υ. Let S be a level set of Ξ and define the integrable distribution D on M generated by the Hamiltonian vector fields (2.4) X K i = P 2 (dK i ), i = 1, ..., n. Proof. The first condition is satisfied using the relation (2.1) and Jacobi identity for P 2 . To prove (2) by definition P 1 (T * M ) ⊂ T S and for v ∈ D 0 we observe that
Assume there is a submanifold Q ⊂ S transversal to E = D ∩ T S, i.e (2.6) for all q ∈ Q,
Let i : Q ֒→ M be the canonical immersion. Following [CMP] , Q has a natural bi-Hamiltonian structure P Q 1 and P Q 2 from P 1 and P 2 respectively. The pencil P Q λ defined, for any functions f, g on Q, by (2.7)
{f, g} Q λ = {F, G} • i where F, G are functions on M extending f, g and constant along D.
Lemma 2.2. For any q ∈ Q and w ∈ T * q Q there exists v ∈ T * q M such that:
Then the Poisson tensor P Q λ (w) is given by (2.8) P Q λ w = P λ v for any extension v satisfying conditions (1) and (2).
This implies P 2 (r) ∈ D which givesq ∈ E butq ∈ T Q q . This contradiction proves the first part. Let v 1 , v 2 ∈ T * q M be extensions of w 1 , w 2 ∈ T * q Q satisfying condition (2). Then
where the first equality is obtained by definition and the second one follows from condition (2).
It is important to notice, considering the set V of covectors v ∈ T * q M satisfying (2.10)
v ∈ V defines a flow tangent to the transversal manifold Q, i.e (2.11)q = P λ (v).
We will see in the examples this equation has the form of Lax equation with P λ is the Lax operator. Studying the set V by considering λ as spectral parameter is the starting point of finding an integrable hierarchy associated to the reduced bi-Hamiltonian structure. The examples include AKNS hierarchies or Zakarov Shabat hierarchies [DAKNS] , [DS] and generalized Drinfeld-Sokolov hierarchy [DS] , [GHM] .
Examples for Lie Poisson brackets
Let us introduce the basic notations used through the paper. Denote g a simple Lie algebra of rank r over complex numbers with nondegenerate invariant bilinear form ., . . We fix a Cartan subalgebra h and denote Φ the corresponding roots systems partially ordered by a set Π of simple roots. Then
is the root space decomposition of g. Denote X α for α ∈ Φ the root vectors. For a vector subspace V ⊂ g we denote by V ⊥ its orthogonal complement. Denote L(M ) the loop space of the manifold M , i.e the space of smooth maps from the circle S 1 to M . Define the bilinear form on the loop algebra L(g)
Identify (L(g)) * with L(g) using this bilinear form. The Poisson tensors at a point q ∈ L(g) are defined by
Here a ∈ g is constant element. The pair (3.3) defines a bi-Hamiltonian structure on g. Our first examples will be constructed from this bi-Hamiltonian structure by choosing an appropriate element a ∈ g and a set of Casimirs of P 1 .
3.1. Natural bi-Hamiltonian reduction for a semisimple element. We take on L(g) the bi-Hamiltonian structure (3.3) with a ∈ h a regular element. The set of Casimirs Ξ corresponds to the kernel of P 1 , which is the isotropy algebra
Then Ξ is abelian subalgebra under P 2 . Take the symplectic leaf S := L(C) = h ⊥ where
Solving this equations yields the integrable hierarchy found in [DS] , [GHM] and [DAKNS] .
be a Z-gradations on g defined by eigenspaces of ad h for some h ∈ h. Assume α( h) is nonnegative for all simple roots α. An element e ∈ g 2 is called good if it satisfies the following condition (3.9) ad e : g j → g j+2 is injective for j ≤ −1.
The Z-gradation is called good if it admits a good element. All good gradation up to conjugation are classified in [ELC] .
Assume the given gradation is a good gradation. Fix a good element e. Introduce the following notations: the subalgebras
It follows that X −η ∈ C where η is the maximal root. Fix some transversal space C.
3.3. Natural bi-Hamiltonian reduction for nilpotent element. Take on L(g) the Poisson pencil (3.3) with a ∈ C homogenous element of minimal degree. Let Ξ be a subset of the Casimirs of P 1 corresponding to L(n − ) ⊂ Ker P 1 . It is easy to verify Ξ is a Lie subalgebra under P 2 . For the level surface S we take the affine space
The distribution on S is defined by (3.12)
Proposition 3.1.
.
and the gradation (3.8), it is obvious that v ∈ E if and only
Since v ∈ L(n − ) and ad e is injective we have v ∈ L(g − ).
Let Q be the submanifold of S defined by Q := e + L(C).
Lemma 3.2. The manifold Q is transversal to E on S.
Proof. We must show that at any point
We write this equation using the gradation (3.8) of g. We obtain
For i = 0 we have
which can be solved uniquely since
Inductively in this way for i < 0 we obtain a recursive relation to determine v andṡ uniquely.
Let us explain the procedure of finding the reduced Poisson pencil in this examples following [CP] . Let's choose a basis ξ 1 , ..., ξ n for g with ξ 1 , ..., ξ m a basis for C and let ξ * 1 , ..., ξ * n ∈ g be the dual basis satisfies < ξ i , ξ * j >= δ ij . A point in the space Q will have the form q = q i ξ i + e. For a covector w = (w 1 , ..., w m ) ∈ T * q Q a lift v ∈ T * q L(g) satisfies the first condition in (2.2) if and only if
Due to (2.1) the second condition gives the constrain
Using the gradation we determine this lift uniquely. Then The Poisson pencil P Q λ is given by
Its independence from the choice of the basis follows by lemma (2.2).
Example 3.3. (Fractional KdV) Let g = sl 3 with its standard representation. Denote e i,j the fundamental matrix defined by (e i,j ) s,t = δ i,s δ j,t . Let e be the minimal nilpotent element e := e 1,3 . It is a good element on the gradation defined by (3.22) h := 4 3 e 1,1 − 2 3 e 2,2 − 2 3 e 3,3 using the procedure above by taking Poisson brackets (3.3) with a = e 2,1 . Then n − is generated by {e 2,1 , e 3,1 } ∈ KerP 1 and b ∈ S will have the form
for arbitrary q 1 , ..., q 4 and nonzero constants α, β. The reduced Poisson pencil P Q λ reads
The vector field defined by a covector w ∈ T * q Q is written in the form
where L is the matrix operator
and v is an extension of w (2.2). Taking a = 2b the second Poisson bracket is the one of W 2 3 -algebras, [GHM] , i.e q 4 is a Virasora density
Perform the bi-Hamiltonian reduction on sl 3 by taking the symplectic leaf of P 1 defined by setting a = e 2,1 + e 2,3 in (3.3). Fix the transversal manifold to have the form (3.24). The reduced second Poisson bracket on this manifold will be equal to the second Poisson bracket of the example above [CFMP] . The form of the operator L in (3.25) will change to (3.28)
which is the Lax operator considered in [BGHM] to obtain integrable hierarchy associated to W 2 3 -algebras.
W-Algebra from bi-Hamiltonian reduction
In this section we assume e to be a principal nilpotent element. Fix h and f such that α(h) > 0, α ∈ Π and {h, e, f } generate sl 2 subalgebra A with the commutator relations 
α . Take the gradation given by h. It is easy to prove that Ker ad f is a transversal subspace. Consider the bi-Hamiltonian reduction 3.3 with C = Ker ad f . Let
be a general covector in L(g) (the summation over repeated indices is assumed) and (4.5) q := q α X ηα α + q f f + e a point in Q. Then using the above relations we have
. To find the reduced Poisson tensor P Q 2 as explained before we must solve the recursion relations comes from equating the coefficients of X Then F α 1 does not depends on v e or it's derivatives since Ker ad f is abelain subalgebra (Ψ do not depend on v e or it's derivatives). The coefficient of e and h give respectively
In this formulas F 2 , ..., F 4 and F α 5 are expressions does not depends on v e or it is derivatives. Then the brackets with q e reads { q e (x), q e (y)} = −c 1 1 2 δ ′′′ (x − y) + 2 q e (x)δ ′ (x − y) (4.13)
Here c 1 and c α are some constants depending on the the choice of the bilinear form on g. This shows that q e (x) are a Virasoro density and q α (x) are primary fields of weights c α 2 (η α + 2). We arrive at the relations obtained in [BFRFW] using a Drinfeld-Sokolov type reduction.
Drinfeld-Sokolov reduction for a nilpotent element
Here we give a different reduction procedure using the same data and notations introduced on section 3.2. Let S be the manifold consisting of operators of the form where the right hand side is a differential expression in q and s of the degree grater than i. The result follows by noticing that
From the above lemma we define the space Q := S/G − . The set R of functionals on Q can be realized as the functionals on S which have densities belonging to the ring R. Consider the space S as a subspace of g. Then for a functional H on S we define the gradient δH(q) to be the unique element in L(b + ) such that
and (5.5)
Take the Poisson pencil (3.3) with a homogenous of minimal degree on g. Then this Poisson pencil P λ is reduced on Q using the following Lemma 5.2. R is closed subalgebra with respect to the Poisson pencil P λ .
Proof. Note that if
Then for F ∈ R we have δF ( q) = exp(ad (−n)) δF (q). The proof is easy by using any faithful representation of g. The result follows by substituting into the bracket
and using the invariants of the bilinear form ., . under the adjoint action.
Drinfeld-Sokolov and bi-Hamiltonian reduction
Assume the notations introduced on section 3.2. Let M be the space of operators of the form
The adjoint group N − of L(n − ) acts on M by .
(6.2) (n, Z) → exp(ad n) Z for all n ∈ n − and Z ∈ M.
Introduce on M the bihamiltonian structure (3.3) with a ∈ C homogenous of minimal degree.
Proposition 6.1. The action of N − on M with Poisson tensor P λ is Hamiltonian for all λ. It admits a momentum map J to be the projection
Moreover, J is Ad * -equivariant.
Proof. We consider a matrix representation of g. Then the action on M has the form
Let ξ ∈ L(n − ), the fundamental vector field having the form
Take the functional (6.5)
This proves the action is Hamiltonian. To prove the momentum map is Ad * -equivariant we have to prove that J(Ψ n (q)) = Ad * n J(q). Since the moment map is just the projection we have
= Ad * n J(q) where the last equality follows from the fact that the coadjoint action of N − on n + ≃ n − * is given by
We take the nilpotent element e as a regular value of J. Let
Take the distribution D defined by the orbit of the action which has the form 6.4
The intersection of D with S gives E := D ∩ T S. Then P λ , S and D satisfy Marsden-Ratiu theorem [MR] .
Consider the manifold (6.10)
where G − ⊂ N − is the isotropy subgroup of e under the action of N − . From properties of the gradation G − is the adjoint group of g − . So the reduced bi-Hamiltonian structure on this manifold leads to the Drinfeld-Sokolov reduction induced on section 6.
Take the manifold
it will be transversal to the distribution E := D ∩ T S = P 2 (L(b − )) on S by lemma (3.2) and (3.14). The reduced bi-Hamiltonian manifold will be the bi-Hamiltonian reduction of 3.3.
Theorem 6.2. The Drinfeld-Sokolov reduction considered in section 6 is equivalent to the bi-Hamiltonian reduction introduced in section 3.3.
The only difference between the Drinfeld-Sokolov reduction and the biHamiltonian reduction considered in the above theorem is, the former study the quotient space while the latter study the transversal space.
In the case of principal nilpotent element. Pedroni [PED] proves a biHamiltonian reduction by taking the level surface of all Casimirs Υ (a symplectic leaf) of the first Poisson bracket 3.3 is equivalence to Drinfeld-Sokolov reduction [DS] . In this case it is very hard to describe the distribution defined by Υ with respect to P 2 . The reduced Poisson structure obtained is the same as if we preform the reduction using a subset Ψ ⊂ Υ as we did in 3.3. The distribution defined using Ψ is very simple to handle and the equivalence is obtained by using the definition of a good gradation only.
Applications to Frobenius manifolds
Let M be a manifold with local coordinates R = (R 1 , ..., R n ) (we use of upper indexes comes from the tensor properties of the poisson brackets). On the loop space L(M ) a local Poisson bracket could be written in the form [DZ] (7.1)
here ǫ are just a parameter and
where A i,j k,s are homogenous polynomials in ∂ m x u i (x), i = 1, ..., m, m ≥ 0, of degree s where we assign ∂ m x u i (x) degree m. The first terms can be written as follows
where F ij , g ij and Γ ij k are smooth functions in R i (x). The matrix F ij defines a Poisson structure on M and if
Poisson bracket on L(M ) known as Poisson bracket of Hydrodynamic type. By nondegenerate Poisson bracket of Hydrodynamic type we mean the metric g ij is nondegenerate. In this case its inverse defines a flat metric on the space M and Γ ij k is the contravariant Levi Civita coefficients of g ij [DN] . If there is a bi-Hamiltonian structure P λ on L(M ) such that F ij 1;2 = 0 then g ij λ is called a flat pencil of metrics. Under some assumption of quasihomogeniuty and regularity a flat pencil of metrics is equivalent to Frobenius structure on M [DFP] .
Frobenius manifold is a manifold M with the structure of Frobenuis algebra on the tangent space T t at any point t ∈ M with certain compatibility conditions. We call M massive if T t is semisimple for generic t. In general this structure locally corresponds to a potential F (t 1 , ..., t n ) satisfying the WDVV equations (7.5)
and quasihomogenity condition
where
If F (t) is algebraic function of the flat coordinates then we call M algebraic Frobenius manifold. From a Frobenuis structure on M the flat pencil of metric is found from the relations
Hertling proved [HER] that all massive polynomial Frobenius manifolds with positive degrees d i are isomorphic to a Frobenius structure defined by Dubrovin on the orbit spaces of Coxeter group [DCG] using the flat pencil of metrics consisting of Saito metric g i,j 1 and the Euclidean g i,j 2 metric. We will prove elsewhere that the Drinfeld-Sokolov reduction given here yields the polynomial Frobenius manifolds of [DCG] . Dubrovin conjecture the massive algebraic Frobenius manifolds corresponds to primitive conjugacy classes in Coxeter groups. It was proved algebraic Frobenius manifold give a primitive conjugacy class in Coxeter groups independently in [STF] and [MIC] . It remains to construct this algebraic Frobenius manifolds.
To find a new examples of Frobenius manifolds we take the exceptional Lie algebra F 4 . We perform the bi-Hamiltonian reduction of section (3.3) by taking the distinguished nilpotent element of F 4 . There is four orbits of distinguished nilpotent element on F 4 [COLMC] . Two of this nilpotent orbits give a polynomial Frobenius manifold, one is isomorphic to Frobenius structure on the orbit spaces of Coxeter group of type F 4 and the other is isomorphic to Frobenius structure on the orbit spaces of Coxeter group of type B 4 . One of the remaining distinguished nilpotent orbits is likely to give algebraic Frobenius structure isomorphic to the one found in [PAV] by taking a Drinfeld-Sokolov type reduction on Lie algebra of type D 4 . We end with just one class of nilpotent elements to consider which turns out to give a new algebraic Frobenius manifold which we will describe now.
Example 7.1. (Algebraic Frobenius manifold) Assume X α with H α ∈ h, α ∈ Ψ, form Cartan-Weyl basis of F 4 . For the following computations we use the minimal representation of F 4 of dimension 27 [CAR] . We perform the natural bi-Hamiltonian reduction with the nilpotent element e := X α 2 + X α 1 +α 2 + X α 2 +α 3 + X α 1 +α 2 +α 3 + X α 2 +2 α 3 +X α 1 +α 2 +2 α 3 + X α 4 + X α 3 +α 4 (7.9) and gradation given by
and a = X −2 α 1 −3 α 2 −4 α 3 −2 α 4 . We fix a transversal manifold Q of the form
+U 5 X −α 1 −α 2 −2 α 3 −2 α 4 + U 4 X −α 1 −α 2 −2 α 3 −α 4 +U 6 X −α 1 −2 α 2 −3 α 3 −2 α 4 . 
